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Abstract
This is a continuation of a previous study of quantum vertex algebras
of Zamolodchikov-Faddeev type. In this paper, we focus our attention on
the special case associated to diagonal unitary rational quantum Yang-Baxter
operators. We prove that the associated weak quantum vertex algebras, if not
zero, are irreducible quantum vertex algebras with a normal basis in a certain
sense.
1 Introduction
In an attempt to associate vertex algebra-like structures with quantum affine alge-
bras, in [Li6] we studied general formal vertex operators (=quantum fields) on an
arbitrary vector space, to see what kind of algebraic structures they could possibly
“generate”. More specifically, we studied what we called “quasi compatible” sets of
formal vertex operators on a vector space and we proved that any quasi compatible
set generates a nonlocal vertex algebra in a certain canonical way. (Whereas vertex
algebras are analogues of commutative and associative algebras, nonlocal vertex al-
gebras are analogues of noncommutative associative algebras.) It follows from this
general result that to most of the interesting algebras one can associate nonlocal ver-
tex algebras. For example, for any highest weight module W for a quantum affine
algebra, the generating functions in Drinfeld’s realization form a quasi compatible
set of vertex operators on W and therefore they generate a nonlocal vertex algebra.
As general nonlocal vertex algebras are too “wild”, one hopes to get “better”
families of nonlocal vertex algebras from “better” families of vertex operators. Mo-
tivated by the S-locality axiom in Etingof-Kazhdan’s notion of quantum vertex
operator algebra [EK], we then continued to study what we called S-local sets and
quasi S-local sets of vertex operators. We proved that from a quasi S-local set of
vertex operators, indeed one can get a better nonlocal vertex algebra whose adjoint
vertex operators form an S-local set of vertex operators (on the nonlocal vertex
algebra). Motivated by this result and by Etingof-Kazhdan’s notion of quantum
vertex operator algebra we then formulated and studied a notion of weak quantum
vertex algebra and a notion of quantum vertex algebra.
A weak quantum vertex algebra (over C) is a vector space V equipped with a
distinguished vector 1 and a linear map Y : V → Hom(V, V ((x))) satisfying the
condition that Y (1, x) = 1 (the identity operator on V ),
Y (v, x)1 ∈ V [[x]] and (Y (v, x)1)|x=0 = v for v ∈ V,
1Partially supported by NSA grant H98230-05-1-0018 and NSF grant DMS-0600189
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and that for any u, v ∈ V , there exist u(i), v(i) ∈ V, fi(x) ∈ C((x)), i = 1, . . . , r,
such that
x−10 δ
(
x1 − x2
x0
)
Y (u, x1)Y (v, x2)
−x−10 δ
(
x2 − x1
−x0
) r∑
i=1
fi(−x0)Y (v
(i), x2)Y (u
(i), x1)
= x−12 δ
(
x1 − x0
x2
)
Y (Y (u, x0)v, x2). (1.1)
A quantum vertex algebra is a weak quantum vertex algebra V equipped with a
unitary rational quantum Yang-Baxter operator (with one parameter)
S(x) : V ⊗ V → V ⊗ V ⊗ C((x))
such that for any u, v ∈ V , (1.1) holds with
S(x)(v ⊗ u) =
r∑
i=1
v(i) ⊗ u(i) ⊗ fi(x)
and such that some other conditions hold. The notion of quantum vertex algebra
generalizes the notions of vertex algebra and vertex superalgebra.
The designation of the notion of weak quantum vertex algebra was motivated
by the following conceptual result. Let W be any vector space and set E(W ) =
Hom(W,W ((x))). A subset T of E(W ) is said to be S-local if for any a(x), b(x) ∈ T ,
there exist (finitely many)
a(i)(x), b(i)(x) ∈ T, fi(x) ∈ C((x)), i = 1, . . . , r
such that
(x1 − x2)
ka(x1)b(x2) = (x1 − x2)
k
r∑
i=1
fi(x2 − x1)b
(i)(x2)a
(i)(x1) (1.2)
for some nonnegative integer k. Let T be an S-local subset of E(W ). For a(x), b(x) ∈
T with the above information, we define
YE(a(x), x0)b(x) = Resx1x
−1
0 δ
(
x1 − x
x0
)
a(x1)b(x)
−Resx1x
−1
0 δ
(
x− x1
−x0
) r∑
i=1
fi(x2 − x1)b
(i)(x2)a
(i)(x1). (1.3)
It was proved in [Li6] that any S-local subset of E(W ) generates a weak quantum
vertex algebra with W as a canonical module. This particular result generalizes a
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result of [Li1], which states that for any vector space W , every local subset of E(W )
generates a vertex algebra with W as a module (see [Li2], [Li3], [Li7], and [Li10] for
similar results).
Regarding quantum vertex algebras, a variant, which was formulated in [Li6],
of ([EK], Proposition 1.11), is that if a weak quantum vertex algebra V is nonde-
generate in the sense of [EK], V is a quantum vertex algebra with S(x) uniquely
determined. Furthermore, it was proved in [Li8] (cf. [Li4] for vertex algebras) that
if a nonlocal vertex algebra V (over C) is of countable dimension and if V as a (left)
V -module is irreducible, then V is nondegenerate.
In [Li8], to demonstrate how to use the general construction theorem which
was established in [Li6], we constructed some quantum vertex algebras by using
algebras of Zamolodchikov-Faddeev type (see [ZZ], [F]). More specifically, let H
be a finite-dimensional vector space equipped with a bilinear form 〈·, ·〉 and let
S(x) : H ⊗H → H ⊗H ⊗ C[[x]] be a linear map. We studied weak quantum vertex
algebras V equipped with a linear map φ : H → V such that V is generated by
φ(H), satisfying the relations for u, v ∈ H :
Y (φ(u), x1)Y (φ(v), x2)−
r∑
i=1
fi(x2 − x1)Y (φ(v
(i)), x2)Y (φ(u
(i)), x1)
= 〈u, v〉x−12 δ
(
x1
x2
)
,
where S(x)(v ⊗ u) =
∑r
i=1 v
(i)⊗ u(i) ⊗ fi(x). We then constructed a universal weak
quantum vertex algebra V (H,S) and proved that V (H,S) is nondegenerate for some
special cases, so that V (H,S) is a quantum vertex algebra (see Section 4). (If φ is
injective and if V (H,S) is nondegenerate, then S(x) is necessarily a unitary rational
quantum Yang-Baxter operator.)
This current paper is a natural continuation of our studies on weak quantum
vertex algebras V (H,S). In this paper, we focus our attention on the special case
in which S(x) is “diagonal”. Let Q(x) = (qij(x)) be an l × l matrix in C[[x]] with
qij(x)qji(−x) = 1 for 1 ≤ i, j ≤ l. Take H to be a 2l-dimensional vector space with
a basis {u(i), v(i) | 1 ≤ i ≤ l}, equip H with the bilinear form 〈·, ·〉 defined by
〈u(i), u(j)〉 = 0 = 〈v(i), v(j)〉, 〈u(i), v(j)〉 = δij = −qii(0)〈v
(j), u(i)〉
for 1 ≤ i, j ≤ l, and define S(x) : H ⊗H → H ⊗H ⊗ C[[x]] by
S(x)(u(j) ⊗ u(i)) = u(j) ⊗ u(i) ⊗ qij(x), S(x)(v
(j) ⊗ v(i)) = v(j) ⊗ v(i) ⊗ qij(x),
S(x)(v(j) ⊗ u(i)) = v(j) ⊗ u(i) ⊗ qji(−x), S(x)(u
(j) ⊗ v(i)) = u(j) ⊗ v(i) ⊗ qji(−x)
for 1 ≤ i, j ≤ l. For this pair (H,S), the associated universal weak quantum vertex
algebra V (H,S) is alternatively denoted by VQ(x). Our main goal is to determine
the structure and establish the nondegeneracy of VQ(x). As one of the main results
in this paper, we prove that VQ(x) is either zero or irreducible as a VQ(x)-module
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with a normal basis in a certain sense, so that it is a nondegenerate quantum vertex
algebra.
As a technical step, we first study the case with Q(x) = Q = (qij) a complex
matrix with qijqji = 1 for 1 ≤ i, j ≤ l. We define an associative algebra AQ with
generators Xi,m, Yi,m for 1 ≤ i ≤ l, m ∈ Z, subject to relations
Xi,mXj,n = qijXj,nXi,m, Yi,mYj,n = qijYj,nYi,m,
Xi,mYj,n − qjiYj,nXi,m = δijδm+n+1,0
for 1 ≤ i, j ≤ l, m, n ∈ Z. If qij = 1 for all i, j = 1, . . . , l, AQ is a Weyl algebra
and if qij = −1 for all i, j = 1, . . . , l, AQ is a Clifford algebra. (In general, we have
qii = ±1 for 1 ≤ i ≤ l, so that AQ contains Weyl algebras or Clifford algebras as
subalgebras.) Let VQ denote the quotient module of the regular left AQ-module
modulo the left ideal generated by Xi,m, Yi,m for 1 ≤ i ≤ l, m ≥ 0. It is proved that
VQ is irreducible and there is a canonical simple quantum vertex algebra structure
on VQ. Furthermore, VQ has a conformal vector of central charge l. Note that
quantum coordinate algebras, closely related to AQ, have appeared before in the
study of noncommutative geometry (cf. [Ma1], [Ma2]) and physics noncommutative
field theory (cf. [Ku]). Our emphasis in this study is on quantum vertex algebras
and modules.
To achieve our results for the nonconstant case with Q(x) = (qij(x)), we make
use of a certain filtration. We define an increasing filtration F = {Fn}n≥0 of VQ(x) by
using the canonical generators and we prove that if the weak quantum vertex algebra
VQ(x) is nonzero, the associated graded weak quantum vertex algebra GrF (VQ(x)) is
isomorphic to the irreducible quantum vertex algebra VQ(0). Then we prove that
VQ(x), if not zero, is an irreducible quantum vertex algebra. Furthermore, we show
that for certain cases, VQ(x) is indeed nonzero.
One of the authors (H. Li) would like to thank Igor Frenkel for a discussion on
quantum vertex algebras and Zamolodchikov-Faddeev algebras. Some time ago, he
and J. Ding had some similar ideas. Part of this paper was done during H.Li’s visit
in January 2007 at the Chern Institute of Mathematics, Nankai University, Tianjin,
China. We would like to thank Professors Chengming Bai and Weiping Zhang for
their hospitality.
This paper is organized as follows: In Section 2, we present some basic results
about general nonlocal vertex algebras. In Section 3, we study the associative alge-
bras AQ and quantum vertex algebras VQ. In Section 4, we study quantum vertex
algebras VQ(x).
2 Some results for general nonlocal vertex alge-
bras
In this section we recall the notions of nonlocal vertex algebra, weak quantum vertex
algebra, and quantum vertex algebra, and we present some basic results on increasing
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filtrations for general nonlocal vertex algebras associated with a generating subset.
We start by recalling the definition of a nonlocal vertex algebra from [Li6] (cf.
[Ka], [BK], [Li3]). A nonlocal vertex algebra is a vector space V , equipped with a
linear map
Y : V → Hom(V, V ((x))) ⊂ (EndV )[[x, x−1]]
v 7→ Y (v, x) =
∑
n∈Z
vnx
−n−1 (vn ∈ EndV ) (2.1)
and equipped with a distinguished vector 1, satisfying the condition that for v ∈ V
Y (1, x)v = v, (2.2)
Y (v, x)1 ∈ V [[x]] and lim
x→0
Y (v, x)1 = v (2.3)
and the condition that for u, v, w ∈ V , there exists a nonnegative integer l such that
(x0 + x2)
lY (u, x0 + x2)Y (v, x2)w = (x0 + x2)
lY (Y (u, x0)v, x2)w. (2.4)
Following [EK], let Y (x) : V ⊗ V → V ((x)) be the linear map associated with Y .
For a nonlocal vertex algebra V , let D be the linear operator on V defined by
D(v) = v−21 for v ∈ V . Then
[D, Y (v, x)] = Y (Dv, x) =
d
dx
Y (v, x) for v ∈ V. (2.5)
Furthermore, we have Y (v, x)1 = exDv and D(1) = 0 for v ∈ V .
For a nonlocal vertex algebra V , a V -module is a vector space W equipped with
a linear map YW : V → Hom(W,W ((x))) satisfying the condition that
YW (1, x) = 1W (the identity operator on W )
and for u, v ∈ V, w ∈ W , there exists l ∈ N such that
(x0 + x2)
lYW (u, x0 + x2)YW (v, x2)w = (x0 + x2)
lYW (Y (u, x0)v, x2)w.
Next, we recall from [Li6] the notions of weak quantum vertex algebra and quan-
tum vertex algebra. A weak quantum vertex algebra is a vector space V (over C)
equipped with a distinguished vector 1 and a linear map Y from V to Hom(V, V ((x)))),
satisfying the condition that
Y (1, x) = 1, (2.6)
Y (v, x)1 ∈ V [[x]] and lim
x→0
Y (v, x)1 = v (2.7)
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for v ∈ V , and that for any u, v ∈ V , there exist u(i), v(i) ∈ V, fi(x) ∈ C((x)), i =
1, . . . , r, such that
x−10 δ
(
x1 − x2
x0
)
Y (u, x1)Y (v, x2)
−x−10 δ
(
x2 − x1
−x0
) r∑
i=1
fi(−x0)Y (v
(i), x2)Y (u
(i), x1)
= x−12 δ
(
x1 − x0
x2
)
Y (Y (u, x0)v, x2). (2.8)
Alternatively, a weak quantum vertex algebra is a nonlocal vertex algebra that
satisfies S-locality (cf. [EK]) in the sense that for any u, v ∈ V , there exist u(i), v(i) ∈
V, fi(x) ∈ C((x)), i = 1, . . . , r, such that
(x1 − x2)
kY (u, x1)Y (v, x2) = (x1 − x2)
k
r∑
i=1
fi(x2 − x1)Y (v
(i), x2)Y (u
(i), x1) (2.9)
for some nonnegative integer k (depending on u and v).
The notion of quantum vertex algebra involves a quantum Yang-Baxter operator.
A unitary rational quantum Yang-Baxter operator with one parameter on a vector
space U is a linear map
S(x) : U ⊗ U → U ⊗ U ⊗ C((x))
such that
S(x)S21(−x) = 1,
S12(x1)S
13(x1 − x2)S
23(x2) = S
23(x2)S
13(x1 − x2)S
12(x1).
A quantum vertex algebra (cf. [EK]) is a weak quantum vertex algebra V equipped
with a unitary rational quantum Yang-Baxter operator
S(x) : V ⊗ V → V ⊗ V ⊗ C((x))
such that for u, v ∈ V , (2.8) holds with S(x)(v ⊗ u) =
∑r
i=1 v
(i) ⊗ u(i) ⊗ fi(x) and
such that
[D ⊗ 1,S(x)] = −
d
dx
S(x), (2.10)
S(z)(Y (x)⊗ 1) = (Y (x)⊗ 1)S23(z)S13(z + x). (2.11)
Remark 2.1. A nonlocal vertex algebra V is said to be nondegenerate (see [EK])
if for every positive integer n, the linear map
Zn : C((x1)) · · · ((xn))⊗ V
⊗n → V ((x1)) · · · ((xn))
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defined by
Zn(f ⊗ v
(1) ⊗ · · · ⊗ v(n)) = fY (v(1), x1) · · ·Y (v
(n), xn)1
is injective. It was proved in [Li8] that if V is of countable dimension (over C) and
if V as a (left) V -module is irreducible, then V is nondegenerate.
Remark 2.2. A variation of a theorem of Etingof-Kazhdan ([EK], Proposition 1.11),
formulated in [Li6], is that if a weak quantum vertex algebra V is nondegenerate,
then S-locality defines a unitary rational quantum Yang-Baxter operator S(x) on V
such that (V,S(x)) is a quantum vertex algebra and this S(x) is the unique quantum
Yang-Baxter operator to make V a quantum vertex algebra. In view of this, the
term “a nondegenerate quantum vertex algebra,” or “an irreducible quantum vertex
algebra” (without reference to a quantum Yang-Baxter operator) is unambiguous.
We shall need the following result of [LL] (Proposition 4.5.7, which can be ex-
tended for nonlocal vertex algebras with the same proof):
Lemma 2.3. Let V be a nonlocal vertex algebra, let W be a V -module, and let
u, v ∈ V, p, q ∈ Z, w ∈ W . Then there exist nonnegative integers l and m such that
upvqw =
m∑
i=0
l∑
j=0
(
p− l
i
)(
l
j
)
(up−l−i+jv)q+l+i−jw. (2.12)
We shall also need the following analogue:
Lemma 2.4. Let V be a nonlocal vertex algebra and let u, v, w ∈ V, m, n ∈ Z.
There exist nonnegative integers l and k such that
(umv)nw =
k∑
i=0
∑
j≥0
(
−l
i
)(
m+ i
j
)
(−1)jum+l+i−jvn−l−i+jw. (2.13)
Proof. From definition, there exists a nonnegative integer l such that
(x0 + x2)
lY (Y (u, x0)v, x2)w = (x0 + x2)
lY (u, x0 + x2)Y (v, x2)w.
We have
(umv)nw = Resx0Resx2x
m
0 x
n
2Y (Y (u, x0)v, x2)w
= Resx0Resx2x
m
0 x
n
2 (x2 + x0)
−l
(
(x2 + x0)
lY (Y (u, x0)v, x2)w
)
= Resx0Resx2
∑
i≥0
(
−l
i
)
xm+i0 x
n−l−i
2
(
(x2 + x0)
lY (Y (u, x0)v, x2)w
)
.
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Let k be a nonnegative integer such that xm+k0 Y (u, x0)v ∈ V [[x0]]. Then
(umv)nw
= Resx0Resx2
k∑
i=0
(
−l
i
)
xm+i0 x
n−l−i
2
(
(x2 + x0)
lY (Y (u, x0)v, x2)w
)
= Resx0Resx2
k∑
i=0
(
−l
i
)
xm+i0 x
n−l−i
2
(
(x0 + x2)
lY (u, x0 + x2)Y (v, x2)w
)
= Resx1Resx2
k∑
i=0
(
−l
i
)
(x1 − x2)
m+ixn−l−i2 x
l
1Y (u, x1)Y (v, x2)w
= Resx1Resx2
k∑
i=0
(
−l
i
)∑
j≥0
(
m+ i
j
)
(−1)jxm+l+i−j1 x
n−l−i+j
2 Y (u, x1)Y (v, x2)w
=
k∑
i=0
(
−l
i
)∑
j≥0
(
m+ i
j
)
(−1)jum+l+i−jvn−l−i+jw,
as desired.
Let V be a nonlocal vertex algebra and let T be a generating subset of V in the
sense that V is the smallest nonlocal vertex subalgebra that contains T . Then (see
[BK], [Li3]) V is linearly spanned by the vectors
u(1)m1 · · ·u
(r)
mr1
for r ≥ 0, u(1), . . . , u(r) ∈ T, m1, . . . , mr ∈ Z.
Remark 2.5. Here, we mention a simple fact which is straightforward to prove.
Let V be a nonlocal vertex algebra with a generating subset T and let K be any
nonlocal vertex algebra. For any map f from T to K, f extends to at most one
nonlocal-vertex-algebra homomorphism from V to K. On the other hand, if ψ is a
linear map from V to K such that
ψ(Y (a, x)v) = Y (ψ(a), x)ψ(v) for a ∈ T, v ∈ V,
then ψ is a nonlocal-vertex-algebra homomorphism.
In the following we shall associate two increasing filtrations of V to each gener-
ating subset.
Lemma 2.6. Let V be a nonlocal vertex algebra and let T be a generating subset.
For n ∈ N, set
En = span{u
(1)
m1
· · ·u(r)mr1 | 0 ≤ r ≤ n, u
(1), . . . , u(r) ∈ T, m1, . . . , mr ∈ Z}. (2.14)
Then En ⊂ En+1 for n ∈ N, E0 = C1, and ∪n∈NEn = V . Furthermore,
akEn ⊂ Em+n for a ∈ Em, k ∈ Z, m, n ∈ N. (2.15)
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Proof. From definition, we have En ⊂ En+1 for n ∈ N and E0 = C1. As T generates
V , we get V = ∪n∈NEn. With E0 = C1, we see that (2.15) holds for m = 0. Assume
m ≥ 1. From definition we have
Em = span{uqEm−1 | u ∈ T, q ∈ Z}.
It follows from induction on m and Lemma 2.4 that (2.15) holds for all m ∈ N.
Definition 2.7. Let G be a group with identity element e. A nonlocal vertex
G-graded algebra is a nonlocal vertex algebra V equipped with a G-grading V =∐
g∈G V [g] such that 1 ∈ V [e] and Y (u, x)v ∈ V [gh]((x)) for u ∈ V [g], v ∈ V [h]
with g, h ∈ G.
Remark 2.8. Let V be a nonlocal vertex algebra and let E = {En}n∈Z be an
increasing subspace-filtration of V with 1 ∈ E0, satisfying the condition that
akEn ⊂ Em+n for a ∈ Em, m, n, k ∈ Z
(cf. (2.15)). Form the graded vector space
GrE(V ) =
∐
n∈Z
(En/En−1). (2.16)
It is straightforward to show (cf. [Li8], Lemma 3.13) that GrE(V ) is a nonlocal
vertex algebra with 1+ E−1 ∈ E0/E−1 as the vacuum vector and with
(a + Em−1)k(b+ En−1) = akb+ Em+n−1 ∈ Em+n/Em+n−1 (2.17)
for a ∈ Em, b ∈ En, m,n, k ∈ Z. In fact, GrE(V ) is a nonlocal vertex Z-graded
algebra. Furthermore, if E is the filtration associated with a generating subset T of
V , then {u+E0 | u ∈ T} (⊂ E1/E0) is a generating subset of GrE(V ). A result that
was obtained in [Li8] is that if GrE(V ) is nondegenerate, then V is nondegenerate.
With a generating subset T of V we have another increasing filtration.
Lemma 2.9. Let V be a nonlocal vertex algebra and let T be a generating subset.
For n ∈ Z, let Fn be the linear span of the vectors
u(1)m1 · · ·u
(r)
mr1
for r ≥ 1 if n < 0, for r ≥ 0 if n ≥ 0, and for u(1), . . . , u(r) ∈ T, m1, . . . , mr ∈ Z
with m1 + · · ·+mr ≥ −n. Then {Fn}n∈Z is an increasing filtration of V such that
1 ∈ F0 and
amFn ⊂ Fk+n−m−1 for a ∈ Fk, k,m, n ∈ Z. (2.18)
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Proof. It is clear that 1 ∈ F0 and {Fn}n∈Z is an increasing filtration of V . For
u ∈ T, m, n ∈ Z, from definition we have
umFn ⊂ Fn−m.
It follows from induction on r and Lemma 2.4 that for any nonnegative integer r,
for any a of the form u
(1)
m1 · · ·u
(r)
mr1 with u
(1), . . . , u(r) ∈ T, m1, . . . , mr ∈ Z, and for
any m ∈ Z we have
amFn ⊂ Fn−m−m1−···−mr−1.
Then (2.18) is clear.
A Z-graded nonlocal vertex algebra is a nonlocal vertex algebra U equipped with
a Z-grading U =
∐
n∈Z U(n) such that 1 ∈ U(0) and
ukv ∈ U(m+n−k−1)
for all u ∈ U(m), v ∈ U(n), m, n, k ∈ Z.
Proposition 2.10. Let F = {Fn}n∈Z be an increasing filtration of V with 1 ∈ F0
satisfying (2.18). Then the associated graded vector space GrF (V ) =
∐
n∈Z(Fn/Fn−1)
is a Z-graded nonlocal vertex algebra with 1+ F−1 as the vacuum vector, where
(a+ Fm−1)k(b+ Fn−1) = akb+ Fm+n−k−2
for a ∈ Fm, b ∈ Fn, m, n, k ∈ Z. Furthermore, if F is the filtration associated with
a generating subset T of V , then {u + F0 | u ∈ T} ⊂ F1/F0 is a generating subset
of GrF (V ).
Proof. It is easy to see that the axioms that involve the vacuum vector, namely the
vacuum and creation properties, hold. For weak associativity, we need to show that
for a ∈ Fm, b ∈ Fn, c ∈ Fk with m,n, k ∈ Z, there exists a nonnegative integer l
such that
(x0 + x2)
lY (a¯, x0 + x2)Y (b¯, x2)c¯ = (x0 + x2)
lY (Y (a¯, x0)b¯, x2)c¯, (2.19)
where a¯ = a + Fm−1, b¯ = b + Fn−1, c¯ = c + Fk−1. Let l be a nonnegative integer
such that
(x0 + x2)
lY (a, x0 + x2)Y (b, x2)c = (x0 + x2)
lY (Y (a, x0)b, x2)c,
which is expanded as
∑
p,q∈Z
∑
i≥0
(
l − p− 1
i
)
apbqcx
l−p−1−i
0 x
i−q−1
2 =
∑
p′,q′∈Z
∑
i′≥0
(
l
i′
)
(ap′b)q′cx
l−i′−p′−1
0 x
i′−q′−1
2 .
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Let r, s ∈ Z. Extracting the coefficients of xr0x
s
2 from both sides we get∑
i≥0
(
r + i
i
)
al−r−1−ibi−1−sc =
∑
i′≥0
(
l
i′
)
(al−i′−r−1b)i′−s−1c. (2.20)
With a ∈ Fm, b ∈ Fn, c ∈ Fk, by definition we have
b¯i−1−sc¯ = bi−1−sc+ Fn+k+s−i−1,
and furthermore,
a¯l−r−1−ib¯i−1−sc¯ = al−r−1−ibi−1−sc+ Fm+n+k+r+s−l−1. (2.21)
On the other hand, we have
a¯l−i′−r−1b¯ = al−i′−r−1b+ Fm+n+r+i′−l−1
and
(a¯l−i′−r−1b¯)i′−s−1c¯ = (al−i′−r−1b)i′−s−1c+ Fm+n+k+r+s−l−1. (2.22)
Then by (2.20) we have
∑
i≥0
(
r + i
i
)
a¯l−r−1−ib¯i−1−sc¯ =
∑
i′≥0
(
l
i′
)
(a¯l−i′−r−1b¯)i′−s−1c¯.
Multiplying both sides by xr0x
s
2, summing up over all r, s ∈ Z, and then changing
indices we get
∑
p,q∈Z
∑
i≥0
(
l − p− 1
i
)
a¯pb¯q c¯x
l−p−1−i
0 x
i−q−1
2 =
∑
p′,q′∈Z
∑
i′≥0
(
l
i′
)
(a¯p′ b¯)q′ c¯x
l−i′−p′−1
0 x
i′−q′−1
2 ,
which gives (2.19). This proves that GrF (V ) is a nonlocal vertex algebra. It follows
from definition that GrF (V ) is a Z-graded nonlocal vertex algebra.
For the last assertion, from definition we have T ⊂ F1 (as u = u−11 for u ∈ T ).
For any n ∈ Z, consider a typical vector
a = u(1)m1 · · ·u
(r)
mr1 ∈ Fn,
where r ≥ 1, u(1), . . . , u(r) ∈ T, m1, . . . , mr ∈ Z with m1 + · · · + mr ≥ −n. If
m1+· · ·+mr > −n, we have a ∈ Fn−1, so that a+Fn−1 = 0 in GrF (V ). Assume that
m1+ · · ·+mr = −n. Set 1¯ = 1+F−1. Note that umFk ⊂ Fk−m for u ∈ T, m, k ∈ Z.
From definition we have
a+ Fn−1 = u
(1)
m1
· · ·u(r)mr1 + F−m1−···−mr−1 = u¯
(1)
m1
· · · u¯(r)mr 1¯.
Then it follows that GrF (V ) is generated by {u+ F0 | u ∈ T}.
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Proposition 2.11. Let V be a nonlocal vertex algebra. Assume that there exists a
lower-truncated increasing filtration F = {Fn}n∈Z of V with 1 ∈ F0, satisfying either
(2.15) or (2.18), such that the left adjoint module for GrF (V ) is graded-irreducible.
Then the left adjoint module for V is irreducible.
Proof. Let U be a nonzero V -submodule of V . We have an increasing filtration
FU = {Fn ∩ U}n∈Z of U . For each n ∈ Z, the natural map from Fn ∩ U to Fn/Fn−1
gives rise to an embedding of (Fn ∩U)/(Fn−1 ∩U) into Fn/Fn−1. Then we can view
GrFU (U) as a subspace of GrF (V ). As U is a V -submodule, GrFU (U) is a graded
GrF (V )-submodule. Since GrF (V ) is graded-irreducible, we have either GrFU (U) =
0 or GrFU (U) = GrF (V ).
Assume GrFU (U) = 0. Then Fn ∩U = Fn−1 ∩U for all n ∈ Z. For any k ∈ Z, we
have Fk ∩ U = ∪n≥k(Fn ∩ U) = U , which implies U ⊂ Fk. Thus U ⊂ ∩k∈ZFk. As
F is lower-truncated, we have ∩n∈ZFn = 0. This contradicts that U 6= 0. Therefore,
we must have GrFU (U) = GrF (V ). Then (Fn+1 ∩U)/(Fn ∩U) = Fn+1/Fn for n ∈ Z.
That is, Fn+1 = (Fn+1 ∩ U) + Fn ⊂ U + Fn for all n ∈ Z. From this we get
Fn+i ⊂ U + Fn for i ≥ 0.
For every n ∈ Z, as ∪i≥0Fn+i = V , we have V = U + Fn. Then V = U because
Fn = 0 for some n ∈ Z. This proves that V is irreducible.
Remark 2.12. Let V =
∐
n∈Z V(n) be a lower truncated Z-graded nonlocal vertex
algebra. For n ∈ Z, set Fn =
∐
m≤n V(m). Then {Fn} is an increasing filtration
satisfying (2.18). Furthermore, GrF (V ) ≃ V as a nonlocal vertex algebra. It follows
from Proposition 2.11 that if V is graded irreducible, then V is irreducible.
The following is straightforward:
Lemma 2.13. Let V be a nonlocal vertex G-graded algebra with G an abelian group
and let ε : G×G→ C× be a normalized C×-valued 2-cocycle of G in the sense that
ε(α, 0) = ε(0, α) = 1,
ε(α, β + γ)ε(β, γ) = ε(α, β)ε(α+ β, γ) for α, β, γ ∈ G.
Define a linear map Yε : V → (EndV )[[x, x
−1]] by
Yε(u, x)v = ε(α, β)Y (u, x)v for u ∈ V [α], v ∈ V [β], α, β ∈ G.
Then (V, Yε, 1) carries the structure of a nonlocal vertex G-graded algebra. Further-
more, (V, Yε, 1) is nondegenerate if and only if V is nondegenerate, and (V, Yε, 1) is
G-graded irreducible if and only if V is G-graded irreducible.
The following is a vertex analogue of a well known construction of associative
algebras:
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Proposition 2.14. Let G be a group, let U be a nonlocal vertex algebra on which
G acts by automorphisms, and let V =
∐
g∈G V [g] be a nonlocal vertex G-graded
algebra. Define a linear map
Y♯ : (U ⊗ V )→ (End(U ⊗ V ))[[x, x
−1]]
by
Y♯(u⊗ v, x)(u
′ ⊗ v′) = Y (u, x)g(u′)⊗ Y (v, x)v′ (2.23)
for u, u′ ∈ U, v ∈ V [g], g ∈ G, v′ ∈ V . Then (U ⊗V, Y♯, 1⊗1) carries the structure
of a nonlocal vertex algebra which we denote by U♯GV . Furthermore, U and V are
subalgebras of U♯GV and
Y♯(v, x1)Y♯(u, x2) = Y♯(g(u), x2)Y♯(v, x1) (2.24)
for u ∈ U, v ∈ V [g] with g ∈ G. Moreover, U♯GV is a weak quantum vertex algebra
if both U and V are weak quantum vertex algebras.
Proof. First, for u, u′ ∈ U, v ∈ V [g], v′ ∈ V with g ∈ G we have
Y♯(u⊗ v, x)(u
′ ⊗ v′) = Y (u, x)g(u′)⊗ Y (v, x)v′ ∈ (U ⊗ V )((x)).
Second, Y♯(1⊗ 1, x)(u⊗ v) = u⊗ v and Y♯(u⊗ v, x)(1⊗ 1) = Y (u, x)1⊗ Y (v, x)1.
Let u, u′, u′′ ∈ U, v ∈ V [g], v′ ∈ V [h], v′′ ∈ V with g, h ∈ G. Then
Y♯(u⊗ v, x0 + x2)Y♯(u
′ ⊗ v′, x2)(u
′′ ⊗ v′′)
= Y (u, x0 + x2)gY (u
′, x2)hu
′′ ⊗ Y (v, x0 + x2)Y (v
′, x2)v
′′
= Y (u, x0 + x2)Y (gu
′, x2)ghu
′′ ⊗ Y (v, x0 + x2)Y (v
′, x2)v
′′,
and
Y♯(Y♯(u⊗ v, x0)(u
′ ⊗ v′), x2)(u
′′ ⊗ v′′)
= Y♯(Y (u, x0)gu
′ ⊗ Y (v, x0)v
′, x2)(u
′′ ⊗ v′′)
= Y (Y (u, x0)gu
′, x2)(gh)u
′′ ⊗ Y (Y (v, x0)v
′, x2)v
′′,
as Y (v, x0)v
′ ∈ V [gh]((x0)). Then weak associativity follows immediately. This
proves that (U ⊗ V, Y♯, 1⊗ 1) is a nonlocal vertex algebra. Recall that 1 ∈ V [e] and
that e acts on U as identity. It is easy to see that U , identified with U ⊗ 1, and V ,
identified with 1⊗ V , are subalgebras of U♯GV .
For the last assertion, let u, u′ ∈ U, v ∈ V [g], v′ ∈ V . Then
Y♯(1⊗ v, x1)Y♯(u⊗ 1, x2)(u
′ ⊗ v′)
= gY (u, x2)eu
′ ⊗ Y (v, x1)v
′
= Y (gu, x2)gu
′ ⊗ Y (v, x1)v
′
= Y♯(gu⊗ 1, x2)Y♯(1⊗ v, x1)(u
′ ⊗ v′).
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For u ∈ U, v ∈ V , we have
Y♯(u⊗ 1, x)(1⊗ v) = Y (u, x)1⊗ v.
It follows that U♯GV is generated by U and V . Then it is clear that U♯GV is a weak
quantum vertex algebra if both U and V are weak quantum vertex algebras.
The smash product nonlocal vertex algebra U♯GV has the following universal
property:
Proposition 2.15. Let G,U, V be given as in Proposition 2.14. Suppose that K is
a nonlocal vertex algebra and ψ : U → K and φ : V → K are homomorphisms of
nonlocal vertex algebras such that
Y (φ(v), x1)Y (ψ(u), x2) = Y (ψ(gu), x2)Y (φ(v), x1) (2.25)
for u ∈ U, v ∈ V [g] with g ∈ G. Then there exists a unique nonlocal vertex algebra
homomorphism f : U♯GV → K, extending both ψ and φ.
Proof. As U♯GV is generated by U and V , the uniqueness follows immediately. For
the existence, we define a linear map θ : U♯GV → K by
θ(u⊗ v) = ψ(u)−1φ(v) for u ∈ U, v ∈ V.
It is clear that θ extends both ψ and φ. It remains to prove that θ is a homomorphism
of nonlocal vertex algebras. For u ∈ U, v ∈ V [g], by (2.25) we have
Y (ψ(u), x2)Y (φ(v), x1)1 = Y (φ(v), x1)Y (ψ(g
−1u), x2)1,
which implies that Y (ψ(u), x)φ(v) ∈ K[[x]]. For any u ∈ U, v, v′ ∈ V , there exists
a nonnegative integer l such that
(x0 + x2)
lY (ψ(u), x0 + x2)Y (φ(v), x2)φ(v
′) = (x0 + x2)
lY (Y (ψ(u), x0)φ(v), x2)φ(v
′).
As Y (ψ(u), x)Y (φ(v), x2)φ(v
′) involves only nonnegative powers of x, in fact we have
Y (ψ(u), x0 + x2)Y (φ(v), x2)φ(v
′) = Y (Y (ψ(u), x0)φ(v), x2)φ(v
′).
Furthermore, we have
θ(Y♯(u⊗ 1, x)(u
′ ⊗ v′)) = θ(Y (u, x)u′ ⊗ v′)
= lim
x2→0
Y (ψ(Y (u, x)u′), x2)φ(v
′)
= lim
x2→0
Y (Y (ψ(u), x)ψ(u′), x2)φ(v
′)
= lim
x2→0
Y (ψ(u), x+ x2)Y (ψ(u
′), x2)φ(v
′)
= Y (ψ(u), x)θ(u′ ⊗ v′)
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and
θ(Y♯(1⊗ v, x)(u
′ ⊗ v′)) = θ(gu′ ⊗ Y (v, x)v′)
= lim
x2→0
Y (ψ(gu′), x2)φ(Y (v, x)v
′)
= lim
x2→0
Y (ψ(gu′), x2)Y (φ(v), x)φ(v
′)
= lim
x2→0
Y (φ(v), x+ x2)Y (ψ(u
′), x2)φ(v
′)
= Y (φ(v), x)θ(u′ ⊗ v′).
As U and V generate U♯GV , it follows that θ is a homomorphism.
We continue to study U♯GV -modules.
Proposition 2.16. Let E be a U-module on which G acts such that
g(Y (u, x)w) = Y (gu, x)gw for g ∈ G, u ∈ U, w ∈ E,
and let F be any V -module. Then E ⊗ F is a U♯GV -module with
Y (u⊗ v, x)(w ⊗ f) = Y (u, x)gw ⊗ Y (v, x)f (2.26)
for u ∈ U, v ∈ V [g], g ∈ G, w ∈ E, f ∈ F . We denote this module by E♯F .
Furthermore, if the U-module E and the V -module F are irreducible and if E is of
countable dimension (over C), then E♯F is an irreducible U♯GV -module.
Proof. From the first part of the proof of Proposition 2.14, we see that this indeed
defines a U♯GV -module structure on E⊗F . For proving irreducibility, let W be any
nonzero submodule of E⊗F . Notice that U acts on the first factor of E⊗F . Since
E is an irreducible U -module of countable dimension (over C), the Schur lemma
holds and EndUE = C. Using Jacobson’s density theorem on E, we get W = E⊗K
for some subspace K of F . From the definition of the action of V on E ⊗ F , we see
that K is a V -submodule of F . With F an irreducible V -module we have K = F ,
proving W = E ⊗ F . Thus E ⊗ F is an irreducible U♯GV -module.
Corollary 2.17. Assume that both U and V are irreducible nonlocal vertex algebras
and that U is of countable dimension (over C). Then U♯GV is an irreducible nonlocal
vertex algebra.
Proposition 2.18. Let W be a U♯GV -module. Assume that W contains an irre-
ducible U-submodule E of countable dimension (over C) on which G acts such that
g(Y (u, x)w) = Y (gu, x)gw for g ∈ G, u ∈ U, w ∈ E
and assume that W is generated by E. Then W is isomorphic to E ⊗ F for some
V -module F . Furthermore, if W is irreducible, then F is an irreducible V -module.
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Proof. First we prove that W as a U -module is a direct sum of irreducible modules
isomorphic to E. Let v ∈ V [g], n ∈ Z with g ∈ G. It is clear that vnE is a
U -submodule of W and the linear map from E to vnE, sending w to vng
−1w, is
a U -homomorphism. Thus vnE, if not zero, is an irreducible U -submodule of W ,
isomorphic to E. Let W ′ be the sum of the U -submodules vnE for v ∈ V [g], n ∈ Z
with g ∈ G. It follows from Lemma 2.3 that W ′ is a V -submodule of W . As U and
V generate U♯GV , it follows that W
′ is a U♯GV -submodule. Thus W
′ = W as W is
generated by E. This proves that W as a U -module is a direct sum of copies of E.
With E an irreducible U -module of countable dimension (over C), we have W =
E ⊗ HomU(E,W ). For v ∈ V [g], g ∈ G, f ∈ HomU(E,W ), we define Y (v, x)f ∈
(HomC(E,W ))[[x, x
−1]] by
(Y (v, x)f)(w) = Y (v, x)f(g−1w) for w ∈ E.
For u ∈ U, w ∈ W , we have
(Y (v, x)f)(Y (u, x0)w) = Y (v, x)f(g
−1Y (u, x0)w)
= Y (v, x)f(Y (g−1u, x0)g
−1w)
= Y (v, x)Y (g−1u, x0)f(g
−1w)
= Y (u, x0)Y (v, x)f(g
−1w)
= Y (u, x0)(Y (v, x)f)(w).
This proves that Y (v, x)f ∈ (HomU(E,W ))[[x, x
−1]]. Let 0 6= w ∈ E be arbitrarily
fixed. Since E is an irreducible U -module, g−1w generates E. Let l be a nonnegative
integer such that xlY (v, x)f(g−1w) ∈ W [[x]]. It follows that
xl(Y (v, x)f) ∈ (HomU(E,W ))[[x]].
That is, Y (v, x)f ∈ (HomU(E,W ))((x)). Furthermore, for v ∈ V [g], v
′ ∈ V [h] with
g, h ∈ G and for w ∈ W , we have
(Y (v, x1)Y (v
′, x2)f)(w) = Y (v, x1)(Y (v
′, x2)f)(g
−1w) = Y (v, x1)Y (v
′, x2)f(h
−1g−1w)
and
(Y (Y (v, x0)v
′, x2)f)(w) = Y (Y (v, x0)v
′, x2)f((gh)
−1w).
Now weak associativity follows. This proves that we have a V -module structure on
HomU(E,W ), so that E⊗HomU(E,W ) is a U♯GV -module by Proposition 2.16 and
we haveW = E⊗HomU(E,W ) as a U♯GV -module. IfW is irreducible, HomU(E,W )
must be an irreducible V -module.
3 Associative algebras AQ and quantum vertex al-
gebras VQ
In this section we associate an associative algebra AQ to each “skew” complex
matrix Q and we study its modules, including vacuum modules. We show that on
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the universal vacuum module VQ there exists a canonical irreducible quantum vertex
algebra structure.
Definition 3.1. Let l be a positive integer and let Q = (qij)
l
i,j=1 be a complex
matrix such that
qijqji = 1 for 1 ≤ i, j ≤ l. (3.1)
Define AQ to be the associative algebra with identity (over C) with generators
Xi,n, Yi,n (i = 1, . . . , l, n ∈ Z),
subject to relations
Xi,mXj,n = qijXj,nXi,m, Yi,mYj,n = qijYj,nYi,m,
Xi,mYj,n − qjiYj,nXi,m = δi,jδm+n+1,0 (3.2)
for i, j = 1, . . . , l, m, n ∈ Z.
Let {e1, . . . , el} denote the standard Z-basis of Z
l. It is straightforward to see
that AQ is a Z
l-graded algebra with the grading defined by
degXi,m = ei, deg Yi,m = −ei for 1 ≤ i ≤ l, m ∈ Z. (3.3)
Set
A+Q = 〈Xi,m, Yj,n | i, j = 1, . . . , l, m, n ≥ 0〉,
A−Q = 〈Xi,m, Yj,n | i, j = 1, . . . , l, m, n < 0〉,
which are Zl-graded subalgebras of AQ.
Notice that if qij = 1 for all i, j = 1, . . . , l, the algebra AQ, which is isomorphic to
the universal enveloping algebra of an infinite-dimensional Heisenberg Lie algebra,
is a Weyl algebra, and that if qij = −1 for all i, j = 1, . . . , l, AQ is a Clifford algebra.
In general, we have qii = ±1 for 1 ≤ i ≤ l as qiiqii = 1. Then, for each 1 ≤ i ≤ l,
the algebra A(qii) (associated with the 1× 1 matrix qii) is either a Weyl algebra or a
Clifford algebra. In the following we shall prove that AQ is isomorphic to a certain
cocycle-twist of the tensor product algebra A(q11) ⊗ · · · ⊗ A(qll).
For 1 ≤ i ≤ l, we temporarily denote the generators of A(qii) by X¯i,m and Y¯i,m
for m ∈ Z. Define a Z-grading on A(qii) by
deg X¯i,m = 1, deg Y¯i,m = −1 for m ∈ Z, (3.4)
making A(qii) a Z-graded algebra, where we denote by A(qii)[n] the degree-n subspace
for n ∈ Z. Set
A = A(q11) ⊗A(q22) ⊗ · · · ⊗ A(qll),
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the tensor product algebra, which is naturally a Zl-graded algebra. We define a
group homomorphism ε : Zl × Zl → C× by
ε(ei, ej) =
{
qij if i > j
1 if i ≤ j
(3.5)
for 1 ≤ i, j ≤ l, recalling that {e1, . . . , el} is the standard Z-basis of Z
l. In particular,
ε is a normalized 2-cocycle of Zl. Denote by Aε the ε-twist of A. That is, Aε = A
as a vector space and for a ∈ A[α], b ∈ A[β] with α, β ∈ Zl,
aεbε = ε(α, β)(ab)ε, (3.6)
where for any u ∈ A, we use uε for u viewed as an element of Aε. Notice that for
each 1 ≤ i ≤ l, as ε(ei, ei) = 1, A
ε
(qii)
= A(qii) as an algebra.
Proposition 3.2. The map
φ : {X¯ǫi,m, Y¯
ǫ
i,m | 1 ≤ i ≤ l, m ∈ Z} ⊂ A
ε → AQ; X¯
ǫ
i,m 7→ Xi,m, Y¯
ǫ
i,m 7→ Yi,m
extends to an algebra isomorphism from the ε-twist Aε of the Zl-graded algebra A to
AQ. Furthermore, for each 1 ≤ i ≤ l, the assignment
X¯i,m 7→ Xi,m, Y¯i,m 7→ Yi,m for m ∈ Z
gives rise to an algebra embedding of A(qii) into AQ, and the linear map
π : A(q11) ⊗ · · · ⊗ A(qll) → AQ; (a1, . . . , al) 7→ a1 · · ·al (3.7)
is a linear isomorphism preserving the Zl-gradings.
Proof. From the definition of ε we get
ε(ei, ej)ε(ej, ei)
−1 = qij for i 6= j.
For 1 ≤ i 6= j ≤ l, m, n ∈ Z, we have
X¯εi,mX¯
ε
j,n = ε(ei, ej)(X¯i,mX¯j,n)
ε = ε(ei, ej)ε(ej, ei)
−1X¯εj,nX¯
ε
i,m = qijX¯
ε
j,nX¯
ε
i,m,
Y¯ εi,mY¯
ε
j,n = qijY¯
ε
j,nY¯
ε
i,m,
X¯εi,mY¯
ε
j,n = ε(ei,−ej)ε(−ej , ei)
−1Y¯ εj,nX¯
ε
i,m = q
−1
ij Y¯
ε
j,nX¯
ε
i,m = qjiY¯
ε
j,nX¯
ε
i,m.
Since ε(ei, ei) = 1, we also have
X¯εi,mX¯
ε
i,n = (X¯i,nX¯i,m)
ε = qii(X¯i,mX¯i,n)
ε = qiiX¯
ε
i,nX¯
ε
i,m,
Y¯ εi,mY¯
ε
i,n = qiiY¯
ε
i,nY¯
ε
i,m,
X¯εi,mY¯
ε
i,n − qiiY¯
ε
i,nX¯
ε
i,m = (X¯i,mY¯i,n)
ε − qii(Y¯i,nX¯i,m)
ε = δm+n+1,0.
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It follows that there exists an algebra homomorphism ψ from AQ onto A
ε such that
ψ(Xi,m) = X¯
ε
i,m, ψ(Yi,m) = Y¯
ε
i,m for i = 1, . . . , l, m ∈ Z.
On the other hand, define a group homomorphism ε′ : Zl × Zl → C× by
ε′(ei, ej) = ε(ei, ej)
−1 for 1 ≤ i, j ≤ l.
We then consider the ε′-twist Aε
′
Q of AQ. It is straightforward to show that for
1 ≤ i 6= j ≤ l, m, n ∈ Z,
Xε
′
i,mX
ε′
j,n = X
ε′
j,nX
ε′
i,m, Y
ε′
i,mY
ε′
j,n = Y
ε′
j,nY
ε′
i,m, X
ε′
i,mY
ε′
j,n = Y
ε′
j,nX
ε′
i,m,
Xε
′
i,mX
ε′
i,n = qiiX
ε′
i,nX
ε′
i,m, Y
ε′
i,mY
ε′
i,n = qiiY
ε′
i,nY
ε′
i,m, X
ε′
i,mY
ε′
i,n − qiiY
ε′
i,nX
ε′
i,m = δm+n+1,0.
It follows that there exists an algebra homomorphism from A to Aε
′
Q, sending X¯i,m
to Xε
′
i,m and Y¯i,m to Y
ε′
i,m for 1 ≤ i ≤ l, m ∈ Z. Furthermore, there exists an algebra
homomorphism from Aε to (Aε
′
Q)
ε = AQ, sending X¯
ε
i,m to Xi,m and Y¯
ε
i,m to Yi,m for
1 ≤ i ≤ l, m ∈ Z. Now it follows that ψ is an isomorphism from AQ onto A
ε.
Notice that for homogeneous a1 ∈ A(q11)[m1], . . . , al ∈ A(qll)[ml], we have
aε1 · · · a
ε
l = λ(a1 · · · al)
ε
in Aε for some nonzero number λ depending on m1, . . . , ml. Then all the assertions
follow immediately.
Furthermore we have:
Corollary 3.3. The linear maps
A±(q11) ⊗ · · · ⊗ A
±
(qll)
→ A±Q
a1 ⊗ · · · ⊗ al 7→ a1 · · ·al (3.8)
are linear isomorphisms. Furthermore, the linear map
A−Q ⊗A
+
Q → AQ; a⊗ b 7→ ab
is a linear isomorphism.
Proof. For each 1 ≤ i ≤ l, it is well known that the linear map
A−(qii) ⊗A
+
(qii)
→ A(qii); a⊗ b 7→ ab
is a linear isomorphism. With A = A(q11) ⊗ · · · ⊗ A(qll), the linear map
A− ⊗A+ → A; a⊗ b 7→ ab
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is a linear isomorphism, where
A± = A±(q11) ⊗ · · · ⊗ A
±
(qll)
.
Clearly, A± are Zl-graded subalgebras. For any homogeneous vectors a1, . . . , ak ∈ A,
we have
aε1 · · · a
ε
k = µ(a1 · · · ak)
ε,
where µ is a nonzero number depending only on the gradings of a1, . . . , ak. It follows
that A±Q = (A
±)ε, under the identification of AQ with A
ε in Proposition 3.2. Then
all the assertions follow from the second assertion of Proposition 3.2.
In the following we shall show that AQ can also be constructed inductively by
using smash products of algebras A(q11), . . . ,A(qll). First we formulate the following
straightforward consequence of the definition:
Lemma 3.4. For any q = (q1, . . . , ql) ∈ (C
×)l, there exists a (unique) automorphism
σq of AQ such that
σq(Xi,m) = qiXi,m, σq(Yi,m) = q
−1
i Yi,m (3.9)
for i = 1, . . . , l, m ∈ Z. Furthermore, the multiplicative group (C×)l acts on AQ
with q = (q1, . . . , ql) ∈ (C
×)l acting as σq.
Note that any associative algebra with identity is a nonlocal vertex algebra. Then
all the results for smash product nonlocal vertex algebras in Section 2 hold for the
degenerate case with U = A and V = B classical associative algebras.
Proposition 3.5. Let Q = (qij)
l
i,j=1 be a complex matrix with l ≥ 2 such that
qijqji = 1 for 1 ≤ i, j ≤ l. Set Q
′ = (qij)1≤i,j≤l−1 and set
q = (q1,l, . . . , ql−1,l) ∈ (C
×)l−1.
Let Z act on AQ′ with n acting as σ
n
q for n ∈ Z and equip A(qll) with the Z-grading
constructed before. Then the natural algebra homomorphisms from AQ′ and from
A(qll) to AQ give rise to an algebra isomorphism from AQ′♯ZA(qll) to AQ.
Proof. Let Xm, Ym (m ∈ Z) denote the generators of A(qll). For 1 ≤ i, j ≤ l−1, m ∈
Z, set X˜i,m = Xi,m, Y˜i,m = Yi,m, and X˜l,m = Xm, Y˜l,m = Ym, which are elements of
AQ′♯ZA(qll). For 1 ≤ i ≤ l−1, m, n ∈ Z, noticing that degXm = −1 and deg Yn = 1,
we have
X˜l,nX˜i,m = XnXi,m = σ
−1
q (Xi,m)Xn = q
−1
i,l Xi,mXn = ql,iX˜i,mX˜l,n,
Y˜l,nY˜i,m = YnYi,m = σq(Yi,m)Yn = q
−1
i,l Yi,mYn = ql,iY˜i,mY˜l,n,
Y˜l,nX˜i,m = YnXi,m = σq(Xi,m)Yn = qi,lXi,mYn = q
−1
l,i X˜i,mY˜l,n,
X˜l,nY˜i,m = XnYi,m = σ
−1
q (Yi,m)Xn = qi,lYi,mXn = qi,lY˜i,mX˜l,n.
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It follows that there exists an algebra homomorphism π from AQ to AQ′♯ZA(qll),
sending Xi,m to X˜i,m, Yi,m to Y˜i,m for 1 ≤ i, j ≤ l, m ∈ Z. On the other hand,
let f be the natural algebra homomorphism from AQ′ to AQ and g the natural
algebra homomorphism from A(qll) to AQ. By Proposition 2.15 we have an algebra
homomorphism f♯g from AQ′♯ZA(qll) to AQ, extending f and g. It is clear that f♯g
is inverse to π, so that f♯g is an isomorphism.
Recall that A±Q are the subalgebras of AQ, generated by Xi,m, Yi,m for 1 ≤ i ≤
l, m ≥ 0. A vector w in an AQ-module W is called a vacuum vector if A
+
Qw = 0,
and an AQ-module W equipped with a vacuum vector which generates W is called
a vacuum AQ-module.
Set
VQ = AQ/(AQA
+
Q), (3.10)
a left AQ-module, and set
1 = 1 + (AQA
+
Q) ∈ VQ.
Clearly, 1 is a vacuum vector and VQ equipped with 1 is a vacuum AQ-module.
Furthermore, VQ is universal in the obvious sense.
Proposition 3.6. The vacuum AQ-module VQ is irreducible and every nonzero
vacuum AQ-module is irreducible and isomorphic to VQ.
Proof. Notice that if the universal vacuum module VQ is irreducible, the other as-
sertions follow immediately. We shall use induction on l to show that VQ is an
irreducible AQ-module. If l = 1, AQ = A(q11) is a Weyl algebra or a Clifford algebra
and it is well known that V(q11) is an irreducible A(q11)-module. Now, assume that
l ≥ 2. For a given l×l matrix Q, set Q′ = (qij)
l−1
i,j=1. By the induction hypothesis VQ′
is an irreducibleAQ′-module and every nonzero vacuumAQ′-module is isomorphic to
VQ′ . Recall that AQ = AQ′♯A(qll) (Proposition 3.5). By Proposition 2.16, VQ′♯V(qll)
is an irreducible AQ′♯A(qll)-module. It is clear that 1⊗1 is a vacuum vector, so that
VQ′♯V(qll) is a vacuum AQ-module. Let ψ denote the natural AQ-homomorphism
from AQ = AQ′♯A(qll) to VQ, sending a ∈ AQ to a1. Let a
′ ∈ AQ′, b ∈ A(qll)[m]
with m ∈ Z. We have ψ(a′♯b) = a′b1 = bσ−mq (a
′)1. As σq(A
+
Q′) ⊂ A
+
Q′, we see that
ψ gives rise to an AQ-homomorphism ψ¯ from VQ′♯V(qll) to VQ, sending 1 ⊗ 1 to 1.
As VQ′♯V(qll) is irreducible, it follows that ψ¯ is an isomorphism. Consequently, VQ is
an irreducible AQ-module.
For 1 ≤ i ≤ l, set
u(i) = Xi,−11, v
(i) = Yi,−11 ∈ VQ (3.11)
and set
Xi(x) =
∑
n∈Z
Xi,nx
−n−1, Yi(x) =
∑
n∈Z
Yi,nx
−n−1 ∈ AQ[[x, x
−1]]. (3.12)
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Theorem 3.7. Let Q = (qij)1≤i,j≤l be a complex matrix such that qijqji = 1 for
1 ≤ i, j ≤ l, let AQ be the associative algebra associated with Q and let VQ be the
universal vacuum AQ-module. There exists a (unique) irreducible quantum vertex
algebra structure on VQ with 1 as the vacuum vector such that
Y (u(i), x) = Xi(x), Y (v
(i), x) = Yi(x) for i = 1, . . . , l.
Let W be any AQ-module satisfying the condition that for any w ∈ W , Xi,mw =
Yi,mw = 0 for 1 ≤ i ≤ l and for m sufficiently large. Then there exists a (unique)
VQ-module structure on W with
YW (u
(i), x) = Xi(x), YW (v
(i), x) = Yi(x) for i = 1, . . . , l.
Conversely, any VQ-module W is an AQ-module with
Xi(x) = YW (u
(i), x), Yi(x) = YW (v
(i), x) for i = 1, . . . , l.
Proof. For m ∈ Z, k ≥ 1, let
Zm, Z
(1)
m , . . . , Z
(k)
m ∈ {Xi,m, Yi,m | 1 ≤ i ≤ l}.
It follows from induction on k that
ZmZ
(1)
m1
· · ·Z(k)mk1 = 0
whenever m ≥ 0 and m /∈ {−m1 − 1, . . . ,−mk − 1}. Then
{Xi(x), Yi(x) | 1 ≤ i ≤ l} ⊂ E(VQ) = Hom(VQ, VQ((x))).
Set T = {Xi(x), Yi(x) | i = 1, . . . , l}. From the defining relations of AQ, T is an
S-local subset of E(VQ). By Theorem 5.8 of [Li6], T generates a weak quantum
vertex algebra 〈T 〉, where the vertex operator map is denoted by YE , with VQ as a
module where YVQ(α(x), x0) = α(x0) for α(x) ∈ 〈T 〉. By Proposition 6.7 of [Li6], we
have
YE(Xi(x), x1)YE(Xj(x), x2) = qijYE(Xj(x), x2)YE(Xi(x), x1),
YE(Yi(x), x1)YE(Yj(x), x2) = qijYE(Yj(x), x2)YE(Yi(x), x1),
YE(Xi(x), x1)YE(Yj(x), x2)− qjiYE(Yj(x), x2)YE(Xi(x), x1) = δijx
−1
2 δ
(
x1
x2
)
for i, j = 1, . . . , l. It follows that 〈T 〉 is an AQ-module with
Xi(x0) = YE(Xi(x), x0), Yi(x0) = YE(Yi(x), x0) for 1 ≤ i ≤ l.
It is clear that 〈T 〉 is a vacuum module with 1VQ as the vacuum vector. From the
construction of VQ, there is anAQ-module homomorphism π from VQ to 〈T 〉, sending
1 to 1VQ . Now, in view of Theorem 6.3 of [Li6], there exists a weak quantum vertex
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algebra structure on VQ with all the required properties. As VQ is an irreducible AQ-
module, VQ as a VQ-module is irreducible. Therefore, VQ is an irreducible quantum
vertex algebra.
Let W be any AQ-module satisfying the condition that for any w ∈ W , Xi,mw =
Yi,mw = 0 for 1 ≤ i ≤ l and for m sufficiently large. Then TW = {Xi(x), Yi(x) | i =
1, . . . , l}, viewed as a subset of E(W ), is S-local and then by Theorem 5.8 of [Li6], TW
generates a weak quantum vertex algebra 〈TW 〉 with W as a module. It follows from
the same argument that 〈TW 〉 is a vacuum AQ-module and that there exists an AQ-
module homomorphism ψ from VQ to 〈TW 〉, sending 1 to 1W . As VQ is generated
by u(i), v(i), it follows that ψ is a weak-quantum-vertex-algebra homomorphism.
Consequently, W is a VQ-module.
On the other hand, let (W,YW ) be a VQ-module. By Proposition 6.7 of [Li6], we
have
YW (u
(i), x1)YW (u
(j), x2) = qijYW (u
(j), x2)YW (u
(i), x1),
YW (v
(i), x1)YW (v
(j), x2) = qijYW (v
(j), x2)YW (v
(i), x1),
YW (u
(i), x1)YW (v
(j), x2)− qjiYW (v
(j), x2)YW (u
(i), x1) = δijx
−1
2 δ
(
x1
x2
)
for 1 ≤ i, j ≤ l. It follows that W is an AQ-module with Xi(x) = YW (u
(i), x) and
Yi(x) = YW (v
(i), x) for i = 1, . . . , l. For any w ∈ W , as YW (a, x)w ∈ W ((x)) for
a ∈ VQ, we have Xi,mw = Yi,mw = 0 for 1 ≤ i ≤ l and for m sufficiently large.
Furthermore, we have:
Proposition 3.8. Let V be any nonlocal vertex algebra and let ψ be any map from
{u(i), v(i) | i = 1, . . . , l} to V such that
Y (ψ(u(i)), x1)Y (ψ(u
(j)), x2) = qijY (ψ(u
(j)), x2)Y (ψ(u
(i)), x1),
Y (ψ(v(i)), x1)Y (ψ(v
(j)), x2) = qijY (ψ(v
(j)), x2)Y (ψ(v
(i)), x1),
Y (ψ(u(i)), x1)Y (ψ(v
(j)), x2)− qjiY (ψ(v
(j)), x2)Y (ψ(u
(i)), x1) = δijx
−1
2 δ
(
x1
x2
)
for 1 ≤ i, j ≤ l. Then there exists a unique nonlocal-vertex-algebra homomorphism
from VQ to V , extending ψ.
Proof. The uniqueness is clear. From the assumption we see that V is an AQ-
module with Xi(x) = Y (ψ(u
(i)), x) and Yi(x) = Y (ψ(v
(i)), x) for 1 ≤ i ≤ l, that the
submodule generated by the vacuum vector is a vacuum AQ-module. Then there
exists an AQ-module homomorphism ψ˜ from VQ to V , sending the vacuum vector
to the vacuum vector. As VQ is generated by u
(i), v(i) (i = 1, . . . , l), it follows that
ψ˜ is a nonlocal-vertex-algebra homomorphism, extending ψ.
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Let V be a nonlocal vertex algebra. Define LC(V ) to consist of vectors a ∈ V
satisfying the condition that for every v ∈ V , there exists a nonnegative integer k
such that
(x1 − x2)
k[Y (a, x1), Y (v, x2)] = 0.
One can show that LC(V ) is a subalgebra of V and it is a vertex algebra itself.
Definition 3.9. Let V be a nonlocal vertex algebra. A vector ω ∈ V is called a
conformal vector if ω ∈ LC(V ) and if the following Virasoro algebra relation holds
for m,n ∈ Z,
[L(m), L(n)] = (m− n)L(m+ n) +
1
12
(m3 −m)δm+n,0c
and
[L(−1), Y (v, x)] = Y (L(−1)v, x) =
d
dx
Y (v, x) (3.13)
for all v ∈ V , where Y (ω, x) =
∑
n∈Z L(n)x
−n−2 and c is a complex number. A
nonlocal vertex algebra equipped with a conformal vector is called a conformal
nonlocal vertex algebra.
Remark 3.10. Recall that for ǫ = ±1, A(ǫ) is the associative algebra with generators
am, bn for m,n ∈ Z, subject to relations
aman = ǫanam, bmbn = ǫbnbm, ambn − ǫbnam = δm+n+1,0.
Set a = a−11, b = b−11 ∈ V(ǫ). It has been known ([FFR], [W]; cf. [D1], [D2]) that
there exists a (unique) conformal vertex superalgebra structure on V(ǫ) with 1 as the
vacuum vector and with
Y (a, x) =
∑
n∈Z
anx
−n−1 and Y (b, x) =
∑
n∈Z
bnx
−n−1,
and with the conformal vector
ω =
1
2
(b−2a− ǫa−2b) (3.14)
of central charge −ǫ. Furthermore, V(ǫ) is simple and is
1
2
Z+-graded by the L(0)-
weights with
(V(ǫ))(0) = C1 and (V(ǫ))(1/2) = Ca+ Cb.
On the other hand, A(ǫ) is a Z-graded algebra with deg am = 1, deg bn = −1 for
m,n ∈ Z, and the vacuum module V(ǫ) is naturally a Z-graded A(ǫ)-module with
deg 1 = 0. For m,n ∈ Z, we have
amV(ǫ)[n] ⊂ V(ǫ)[n + 1], bmV(ǫ)[n] ⊂ V(ǫ)[n− 1].
Since V(ǫ) as a vertex superalgebra is generated by a and b, it follows from induction
that V(ǫ) equipped with the Z-grading is a vertex Z-graded superalgebra with ω ∈
(V(ǫ))[0].
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Proposition 3.11. Let Q be an l × l complex matrix as before. Then VQ is a
conformal quantum vertex algebra of central charge −(q11+ · · ·+ qll) with conformal
vector
ω =
1
2
l∑
i=1
(v
(i)
−2u
(i) − qiiu
(i)
−2v
(i)) (3.15)
and VQ is
1
2
Z+-graded by the L(0)-weights such that (VQ)(0) = C1 and
(VQ)(1/2) = span{u
(i), v(i) | 1 ≤ i ≤ l}.
Proof. We have simple conformal vertex superalgebras V(q11), . . . , V(qll). For 1 ≤ i ≤
l, denote the two generators of V(qii) by a
(i), b(i). Set
U = V(q11) ⊗ · · · ⊗ V(qll),
the tensor product conformal vertex superalgebra with the conformal vector
ω =
1
2
l∑
i=1
(b
(i)
−2a
(i) − qiia
(i)
−2b
(i)).
Then U is 1
2
Z+-graded by the L(0)-weights with U(0) = C1 and
U(1/2) = span{a
(i), b(i) | 1 ≤ i ≤ l}.
On the other hand, as V(q11), . . . , V(qll) are vertex Z-graded superalgebras, U is a
vertex Zl-graded superalgebra. Let ε : Zl × Zl → C× be the group homomorphism
defined in (3.5). In view of Lemma 2.13, we have a nondegenerate quantum vertex
algebra (Uε, Yε, 1). A straightforward calculation yields
Yε(a
(i), x1)Yε(a
(j), x2) = qijYε(a
(j), x2)Yε(a
(i), x1),
Yε(b
(i), x1)Yε(b
(j), x2) = qijYε(b
(j), x2)Yε(b
(i), x1),
Yε(a
(i), x1)Yε(b
(j), x2)− qjiYε(b
(j), x2)Yε(a
(i), x1) = δijx
−1
2 δ
(
x1
x2
)
for 1 ≤ i, j ≤ l. Hence, by Proposition 3.8, there is a nonlocal vertex algebra
homomorphism ψ from VQ to U
ε such that
ψ(ui) = (a
(i))ε, ψ(vi) = (b(i))ε for 1 ≤ i ≤ l.
As VQ is simple, ψ is an isomorphism. Notice that ω ∈ U [0], the degree-0 subspace
of U with respect to the Zl-grading. It follows that ω ∈ LC(Uε) and Yε(ω, x) =
Y (ω, x) on U . Then Uε equipped with the conformal vector ω is a conformal vertex
algebra.
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Proposition 3.12. Let W be a VQ-module satisfying the condition that for any
w ∈ W , there exists a positive integer k such that (A+Q)
kw = 0. Then W is a direct
sum of irreducible modules isomorphic to the adjoint module VQ.
Proof. If l = 1, AQ = A(q11) is either a Weyl algebra or a Clifford algebra and it is
well known that the assertion is true. If l ≥ 2, by Proposition 3.5, AQ = AQ′♯A(qll)
with Q′ = (qij)
l−1
i,j=1. Assume that the assertion holds for AQ′. Let W be any
AQ-module satisfying the condition that for any w ∈ W , there exists a positive
integer k such that (A+Q)
kw = 0. Then W as an AQ′-module is a direct sum of
irreducible AQ′-submodules isomorphic to VQ′. In view of Proposition 2.18, we have
W = VQ′♯F for some A(qll)-module F . We know that F is a direct sum of irreducible
A(qll)-modules isomorphic to V(qll). By Proposition 2.16, VQ′♯V(qll) is an irreducible
AQ′♯A(qll)-module. It follows that VQ ≃ VQ′♯V(qll). Consequently, W is a direct sum
of irreducible modules isomorphic to VQ.
For the rest of this section, we establish certain results for VQ, which we shall
need in the next section.
Definition 3.13. Let V be a nonlocal vertex algebra. A pseudo-endomorphism of
V (see [Li5]) is a linear map Φ(x) : V → V ⊗ C((x)) such that Φ(x)(1) = 1 and
Φ(x1)Y (v, x2) = Y (Φ(x1 − x2)v, x2)Φ(x1) for all v ∈ V. (3.16)
A pseudo-endomorphism Φ(x) is called a pseudo-automorphism if there exists a
pseudo-endomorphism Ψ(x) such that Φ(x)Ψ(x)v = v = Ψ(x)Φ(x)v for v ∈ V .
We say that pseudo-endomorphisms Φ(x) and Ψ(x) commute if Φ(x1)Ψ(x2) =
Ψ(x2)Φ(x1).
The following is straightforward (see [Li5]):
Proposition 3.14. Let V be a nonlocal vertex algebra. A pseudo-endomorphism of
V exactly amounts to a nonlocal-vertex-algebra homomorphism from V to the tensor
product nonlocal vertex algebra V ⊗C((x)), where C((x)) is viewed as a vertex algebra
with 1 as the vacuum vector and
Y (f(x), z)g(x) = f(x− z)g(x) for f(x), g(x) ∈ C((x)).
We have the following results for the quantum vertex algebra VQ:
Lemma 3.15. Let Q = (qij) be an l×l matrix as before. For any (p1(x), . . . , pl(x)) ∈
C((x))l with pi(x) 6= 0 for all i, there exists a pseudo-automorphism Φ(x) of VQ such
that
Φ(x)(u(i)) = u(i) ⊗ pi(x), Φ(x)(v
(i)) = v(i) ⊗ pi(x)
−1 for i = 1, . . . , l.
Furthermore, all such pseudo-automorphisms commute.
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Proof. Denote by Yˆ the vertex operator map for the tensor product nonlocal vertex
algebra VQ ⊗ C((x)). From definition we have
Yˆ (a⊗ f(x), z) = Y (a, z)⊗ f(x− z) for a ∈ VQ, f(x) ∈ C((x)).
The following relations hold:
Yˆ (u(i) ⊗ pi(x), x1)Yˆ (u
(j) ⊗ pj(x), x2)
= Y (u(i), x1)Y (u
(j), x2)⊗ pi(x− x1)pj(x− x2)
= qijY (u
(j), x2)Y (u
(i), x1)⊗ pj(x− x2)pi(x− x1)
= qij Yˆ (u
(j) ⊗ pj(x), x2)Yˆ (u
(i) ⊗ pi(x), x1),
Yˆ (v(i) ⊗ pi(x)
−1, x1)Yˆ (v
(j) ⊗ pj(x)
−1, x2)
= qij Yˆ (v
(j) ⊗ pj(x)
−1, x2)Yˆ (v
(i) ⊗ pi(x)
−1, x1),
Yˆ (u(i) ⊗ pi(x), x1)Yˆ (v
(j) ⊗ pj(x)
−1, x2)
−qjiYˆ (v
(j) ⊗ pj(x)
−1, x2)Yˆ (u
(i) ⊗ pi(x), x1)
=
(
Y (u(i), x1)Y (v
(j), x2)− qjiY (v
(j), x2)Y (v
(i), x1)
)
⊗ pi(x− x1)p
−1
j (x− x2)
= δijpi(x− x1)p
−1
j (x− x2)x
−1
2 δ
(
x1
x2
)
= δijpi(x− x2)p
−1
j (x− x2)x
−1
2 δ
(
x1
x2
)
= δijx
−1
2 δ
(
x1
x2
)
.
In view of Proposition 3.8, there exists a nonlocal-vertex-algebra homomorphism ψ
from VQ into VQ ⊗ C((x)) such that
ψ(u(i)) = u(i) ⊗ pi(x), ψ(v
(i)) = v(i) ⊗ pi(x)
−1 for i = 1, . . . , l.
The map ψ : VQ → VQ ⊗ C((x)), alternatively denoted by Φ(x), is a pseudo-
automorphism of V satisfying the required property (recall Proposition 3.14). The
rest is clear.
4 Zamolodchikov-Faddeev type quantum vertex
algebras
The associative algebrasAQ, which were studied in the previous section, are actually
the simplest Zamolodchikov-Faddeev algebras. A general Zamolodchikov-Faddeev
algebra is associated with a quantum Yang-Baxter operator S(x1, x2) (with two
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spectral parameters) on a finite-dimensional vector space. In [Li8], for any finite-
dimensional vector space H equipped with a bilinear form and a linear map S(x) :
H⊗H⊗C[[x]], we constructed a “universal” weak quantum vertex algebra V (H,S)
with certain generators and defining relations. Then we studied a special family of
V (H,S) and proved that V (H,S) are nondegenerate quantum vertex algebras. In
this section, we study the case in which S(x) is diagonalizable. By using the results
of Sections 2 and 3 we prove that either V (H,S) is zero, or an irreducible quantum
vertex algebra with a normal basis in a certain sense. Furthermore, we prove that
V (H,S) are indeed nonzero for a certain family.
First we recall from [Li8] the following notion:
Definition 4.1. Let H be a vector space equipped with a bilinear form 〈·, ·〉 and
let S(x) : H⊗H → H⊗H⊗C((x)) be a linear map. An (H,S)-module is a module
W for the (free) tensor algebra T (H ⊗ C[t, t−1]) such that for any a ∈ H, w ∈ W ,
a(m)w = 0 for m sufficiently large, (4.1)
where a(m) denotes the operator on W corresponding to a⊗ tm, and such that
a(x1)b(x2)w −
r∑
i=1
fi(x2 − x1)b
(i)(x2)a
(i)(x1)w = x
−1
2 δ
(
x1
x2
)
〈a, b〉w (4.2)
for a, b ∈ H, w ∈ W , where u(x) =
∑
m∈Z u(m)x
−m−1 for u ∈ H and
S(x)(b⊗ a) =
r∑
i=1
b(i) ⊗ a(i) ⊗ fi(x).
(Notice that the condition (4.1) guarantees that for any m,n ∈ Z, the coefficient of
xm1 x
n
2 in the left side of (4.2) is a finite sum in W .)
Let W be an (H,S)-module. A vector e ∈ W is called a vacuum vector if
a(m)e = 0 for all a ∈ H, m ≥ 0. (4.3)
A vacuum (H,S)-module is an (H,S)-module W equipped with a vacuum vector e
that generates W . We also denote the vacuum module by (W, e). The notion of a
universal vacuum (H,S)-module is defined in the obvious way. If S(x) : H ⊗H →
H ⊗ H ⊗ C[[x]], universal vacuum (H,S)-modules exist, as was shown in [Li8] by
the following tautological construction: Let T (H ⊗ C[t, t−1])+ be the subspace of
T (H ⊗ C[t, t−1]), spanned by the vectors
(a(1) ⊗ tn1) · · · (a(r) ⊗ tnr)
for r ≥ 1, a(i) ∈ H, ni ∈ Z with n1 + · · ·+ nr ≥ 0. Set
J = T (H ⊗ C[t, t−1])T (H ⊗ C[t, t−1])+,
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a left ideal of T (H ⊗ C[t, t−1]), and then set
V˜ (H,S) = T (H ⊗ C[t, t−1])/J,
a left T (H ⊗ C[t, t−1])-module. Clearly, the condition (4.1) holds. Define V (H,S)
to be the quotient module of V˜ (H,S) modulo the relations (4.2). Let 1 denote the
image in V (H,S) of 1.
The following result was established in [Li8] (Propositions 2.18 and 4.3):
Proposition 4.2. Let H be a vector space equipped with a bilinear form 〈·, ·〉 and
let S(x) : H ⊗ H → H ⊗ H ⊗ C[[x]] be a linear map. Then (V (H,S), 1) is a
universal vacuum (H,S)-module and there exists a unique weak quantum vertex
algebra structure on V (H,S) with 1 as the vacuum vector such that
Y (a(−1)1, x) = a(x) for a ∈ H.
Furthermore, on any (H,S)-module W there exists a unique V (H,S)-module struc-
ture YW such that
YW (a(−1)1, x) = a(x) for a ∈ H.
Remark 4.3. Note that it was assumed in ([Li8], Proposition 2.18) that the linear
map from H to V (H,S), sending a to a(−1)1 for a ∈ H , is injective. In fact, this
assumption was not used in the proof. If the linear map a ∈ H 7→ a(−1)1 ∈ V (H,S)
is injective, H can be identified with a subspace of V (H,S) and H is a generating
subspace. In general, the subspace {a(−1)1 | a ∈ H} is a generating subspace.
Remark 4.4. The nonlocal vertex algebra V (H,S) is universal in the sense that
for any given nonlocal vertex algebra V and for any given linear map φ : H → V
satisfying
Y (φ(u), x1)Y (φ(v), x2)−
r∑
i=1
fi(x2 − x1)Y (φ(v
(i)), x2)Y (φ(u
(i)), x1)
= 〈u, v〉x−12 δ
(
x1
x2
)
(4.4)
for u, v ∈ H , where
S(x)(v ⊗ u) =
r∑
i=1
v(i) ⊗ u(i) ⊗ fi(x) ∈ H ⊗H ⊗ C[[x]],
there exists a unique nonlocal-vertex-algebra homomorphism from V (H,S) to V ,
sending a(−1)1 to φ(a) for a ∈ H . Indeed, the relation (4.4) implies that V is an
(H,S)-module with a(x) = Y (φ(a), x) for a ∈ H . Clearly, 1 is a vacuum vector of
V viewed as an (H,S)-module. It follows that the (H,S)-submodule of V generated
29
from 1 is a vacuum module. Then there exists an (H,S)-module homomorphism
ψ from V (H,S) to V , sending the vacuum vector to the vacuum vector. Since
{a(−1)1 | a ∈ H} generates V (H,S) as a nonlocal vertex algebra, it follows that ψ
is a nonlocal-vertex-algebra homomorphism, where
ψ(a(−1)1) = Resxx
−1ψ(Y (a(−1)1, x)1) = Resxx
−1Y (φ(a), x)1 = φ(a)
for a ∈ H . The uniqueness is clear.
The following is our first result of this section:
Theorem 4.5. Let H be a finite-dimensional vector space equipped with a bilinear
form 〈·, ·〉 and let S(x) : H ⊗ H → H ⊗ H ⊗ C[[x]] be a linear map. Suppose that
there exists a basis {u(1), . . . , u(l), v(1), . . . , v(l)} of H such that
〈u(i), u(j)〉 = 0 = 〈v(i), v(j)〉, 〈u(i), v(j)〉 = δij = −qii〈v
(i), u(j)〉
and
S(0)(u(i) ⊗ u(j)) = qji(u
(i) ⊗ u(j)), S(0)(v(i) ⊗ v(j)) = qji(v
(i) ⊗ v(j)),
S(0)(u(i) ⊗ v(j)) = qij(u
(i) ⊗ v(j)), S(0)(v(j) ⊗ u(i)) = qij(v
(j) ⊗ u(i))
where qij ∈ C with qijqji = 1 for i, j = 1, . . . , l. Assume that V (H,S) is not zero.
Then V (H,S) is an irreducible quantum vertex algebra with GrF (V (H,S)) = VQ
where Q = (qij)
l
i,j=1 and F is the increasing filtration of V , defined in Lemma 2.9,
associated with the generating subspace T = {a(−1)1 | a ∈ H}. Furthermore, S(x)
must be a unitary rational quantum Yang-Baxter operator.
Proof. We first prove GrF (V (H,S)) = VQ. Recall that V (H,S) is generated by
a(−1)1 for a ∈ H , where Y (a(−1)1, x) = a(x). By definition, for n < 0, Fn is
linearly spanned by the vectors
a(1)(m1) · · ·a
(r)(mr)1
for r ≥ 1, a(i) ∈ H, mi ∈ Z with m1 + · · ·+mr ≥ −n, and for n ≥ 0, Fn is linearly
spanned by 1 and the vectors of the same form. By Corollary 4.2 of [Li8], we have
h(1)(m1) · · ·h
(r)(mr)1 = 0
for r ≥ 1, h(1), . . . , h(r) ∈ H, m1, . . . , mr ∈ Z with m1+ · · ·+mr ≥ 0. Consequently,
Fn = 0 for n ≤ −1 and F0 = C1 ( 6= 0). Then GrF (V (H,S)) 6= 0.
Notice that a(−1)1 ∈ F1 for a ∈ H . For 1 ≤ i ≤ l, set
u¯(i) = u(i)(−1)1 + F0, v¯
(i) = v(i)(−1)1+ F0 ∈ F1/F0 ⊂ GrF (V (H,S)).
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Then GrF (V (H,S)) is generated by u¯
(i), v¯(i) for 1 ≤ i ≤ l and we have
Y (u¯(i), x1)Y (u¯
(j), x2) = qijY (u¯
(j), x2)Y (u¯
(i), x1),
Y (v¯(i), x1)Y (v¯
(j), x2) = qijY (v¯
(j), x2)Y (v¯
(i), x1),
Y (u¯(i), x1)Y (v¯
(j), x2)− qjiY (v¯
(j), x2)Y (u¯
(i), x1) = δijx
−1
1 δ
(
x2
x1
)
for i, j = 1, . . . , l. In view of Proposition 3.8, there exists a nonlocal-vertex-algebra
homomorphism ψ from VQ onto GrF (V (H,S)) such that
ψ(a(i)) = u¯(i), ψ(b(i)) = v¯(i) for i = 1, . . . , l.
Since VQ is simple and GrF (V (H,S)) 6= 0, ψ must be an isomorphism. This proves
GrF (V (H,S)) = VQ. As VQ is irreducible, by Proposition 2.11, V (H,S) is irre-
ducible. Then V (H,S) is an irreducible quantum vertex algebra. As V (H,S) is a
nondegenerate quantum vertex algebra, it follows that S must be a unitary rational
quantum Yang-Baxter operator on H .
Remark 4.6. Here we correct an error in [Li8]. In Theorem 4.4 of [Li8], it was
assumed that H is a finite-dimensional vector space equipped with a bilinear form
〈·, ·〉 and S(x) : H⊗H → H⊗H⊗C[[x]] is a linear map with S(0) = 1. Furthermore
it was assumed that GrF (V (H,S)) is linearly isomorphic to the symmetric algebra
over the space H ⊗ t−1C[t−1] under a canonical map. It was then claimed that
V (H,S) is a nondegenerate quantum vertex algebra. The reasoning therein used
Proposition 2.18 of [Li8], which claims that for a nonlocal vertex algebra V with a
generating subset T , if GrE(V ) is nondegenerate, then V is nondegenerate, where E
is the increasing filtration of V , constructed in Lemma 2.6. The discrepancy is that
the filtration F in the assumption is different from E in Proposition 2.18. Now, we
modify this theorem by adding the assumption that 〈·, ·〉 is a nondegenerate skew-
symmetric bilinear form. This modified theorem becomes a special case of Theorem
4.5 which uses Proposition 2.11 of the current paper, instead of Proposition 2.18 of
[Li8]. For the example that was constructed in [Li8], H = U ⊕ U∗ for some vector
space U , equipped with the standard nondegenerate skew-symmetric bilinear form,
so the modified theorem is applicable.
For the rest of this section we consider the special case with S(x) diagonal.
Definition 4.7. Let l be a positive integer and let Q(x) = (qij(x)) be an l×l matrix
over C[[x]] such that
qij(x)qji(−x) = 1 for 1 ≤ i, j ≤ l. (4.5)
Let H be a 2l-dimensional vector space with a basis {a(1), . . . , a(l), b(1), . . . , b(l)}.
Define a linear map S(x) : H ⊗H → H ⊗H ⊗ C[[x]] by
S(x)(a(i) ⊗ a(j)) = qji(x)(a
(i) ⊗ a(j)), S(x)(b(i) ⊗ b(j)) = qji(x)(b
(i) ⊗ b(j)),
S(x)(a(i) ⊗ b(j)) = qij(−x)(a
(i) ⊗ b(j)), S(x)(b(i) ⊗ a(j)) = qij(−x)(b
(i) ⊗ a(j))
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for i, j = 1, . . . , l, and equip H with a bilinear form 〈·, ·〉 defined by
〈a(i), a(j)〉 = 〈b(i), b(j)〉 = 0 and 〈a(i), b(j)〉 = δij = −qii(0)〈b
(j), a(i)〉. (4.6)
We define VQ(x) to be the weak quantum vertex algebra V (H,S) associated with this
pair (H,S) from Q(x). That is, VQ(x) is a universal weak quantum vertex algebra
with generators a(i), b(i) (i = 1, . . . , l), satisfying relations
Y (a(i), x1)Y (a
(j)(x2) = qij(x2 − x1)Y (a
(j), x2)Y (a
(i), x1),
Y (b(i), x1)Y (b
(j), x2) = qij(x2 − x1)Y (b
(j), x2)Y (b
(i), x1),
Y (a(i), x1)Y (b
(j), x2)− qji(x1 − x2)Y (b
(j), x2)Y (a
(i), x1) = δijx
−1
1 δ
(
x2
x1
)
(4.7)
for i, j = 1, . . . , l.
With this notion, as an immediate consequence of Theorem 4.5 we have:
Corollary 4.8. Let l be a positive integer and let Q(x) = (qij(x)) be an l× l matrix
in C[[x]] satisfying (4.5). Suppose that V is a nonzero weak quantum vertex algebra
with a generating subset T = {u(i), v(i) | i = 1, . . . , l}, satisfying the relations
Y (u(i), x1)Y (u
(j)(x2) = qij(x2 − x1)Y (u
(j), x2)Y (u
(i), x1),
Y (v(i), x1)Y (v
(j), x2) = qij(x2 − x1)Y (v
(j), x2)Y (v
(i), x1),
Y (u(i), x1)Y (v
(j), x2)− qji(x1 − x2)Y (v
(j), x2)Y (u
(i), x1) = δijx
−1
1 δ
(
x2
x1
)
for i, j = 1, . . . , l. Then V is an irreducible quantum vertex algebra with GrF (V ) =
VQ(0), where F is the increasing filtration of V , defined in Lemma 2.9, associated
with the generating set T . Furthermore, such a nonzero quantum vertex algebra V ,
if it exists, is unique up to isomorphism.
The following is our second main result of this section:
Theorem 4.9. Let Q(x) = (qij(x))
l
i,j=1 with
qij(x) = qijpij(−x)/pij(x), (4.8)
where qij ∈ C, pij(x) ∈ C[[x]] satisfy that qijqji = 1, pij(0) = 1 and pij(x) = pji(x)
for all i, j = 1, . . . , l. Then VQ(x) is a (nonzero) irreducible quantum vertex algebra
with GrF (VQ(x)) = VQ(0).
Proof. By Lemma 3.15, there exist mutually commuting pseudo-automorphisms
Φi(x) for 1 ≤ i ≤ l of VQ(0) such that
Φi(x)(u
(j)) = u(j) ⊗ pij(x), Φi(x)(v
(j)) = v(j) ⊗ pij(x)
−1 for j = 1, . . . , l.
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Set
a(i)(x) = Y (u(i), x)Φi(x), b
(i)(x) = Y (v(i), x)Φ−1i (x)
for i = 1, . . . , l. We have
a(i)(x1)a
(j)(x2) = Y (u
(i), x1)Φi(x1)Y (u
(j), x2)Φj(x2)
= pij(x1 − x2)Y (u
(i), x1)Y (u
(j), x2)Φi(x1)Φj(x2)
= qijpij(x1 − x2)Y (u
(j), x2)Y (u
(i), x1)Φj(x2)Φi(x1)
= qijpij(x1 − x2)pji(x2 − x1)
−1a(j)(x2)a
(i)(x1)
= qij(x2 − x1)a
(j)(x2)a
(i)(x1),
b(i)(x1)b
(j)(x2) = Y (v
(i), x1)Φ
−1
i (x1)Y (v
(j), x2)Φ
−1
j (x2)
= pij(x1 − x2)Y (v
(i), x1)Y (v
(j), x2)Φ
−1
i (x1)Φ
−1
j (x2)
= qijpij(x1 − x2)Y (v
(j), x2)Y (v
(i), x1)Φ
−1
j (x2)Φ
−1
i (x1)
= qijpij(x1 − x2)pji(x2 − x1)
−1b(j)(x2)b
(i)(x1)
= qij(x2 − x1)b
(j)(x2)b
(i)(x1),
a(i)(x1)b
(j)(x2)− qji(x1 − x2)b
(j)(x2)a
(i)(x1)
= a(i)(x1)b
(j)(x2)− qji
pji(x2 − x1)
pij(x1 − x2)
b(j)(x2)a
(i)(x1)
= pij(x1 − x2)
−1Y (u(i), x1)Y (v
(j), x2)Φi(x1)Φ
−1
j (x2)
−qjipij(x1 − x2)
−1Y (v(j), x2)Y (u
(i), x1)Φ
−1
j (x2)Φi(x1)
= δijx
−1
2 δ
(
x1
x2
)
pij(x1 − x2)
−1Φ−1j (x2)Φi(x1)
= δijx
−1
2 δ
(
x1
x2
)
pij(0)
−1Φ−1j (x2)Φi(x2)
= δijx
−1
2 δ
(
x1
x2
)
.
That is, we have defined an (H,S)-module structure on VQ(0). Using the fact that
Φi(x)(1) = 1 for i = 1, . . . , l, we see that 1 is a vacuum vector of the (H,S)-module
VQ(0). We claim that the (H,S)-module VQ(0) is generated by 1, so that VQ(0) is
a nonzero vacuum (H,S)-module, which implies that VQ(x) 6= 0. Let E be the
submodule of the (H,S)-module VQ(0) generated by 1. We have Φi(x)1 = 1,
Φi(x)a
(j)(x1) = pij(x− x1)a
(j)(x1)Φi(x), Φi(x)b
(j)(x1) = pij(x− x1)
−1b(j)(x1)Φi(x)
for i, j = 1, . . . , l. It follows from induction that Φi(x)E ⊂ E((x)) for 1 ≤ i ≤ l.
Similarly, we have Φi(x)
−1E ⊂ E((x)). As
Y (u(i), x) = a(i)(x)Φi(x)
−1, Y (v(i), x) = b(i)(x)Φi(x),
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it follows that E is closed under the components of Y (u(i), x) and Y (v(i), x) for
i = 1, . . . , l. Consequently, E = VQ(0), as claimed. This completes the proof.
Example 4.10. Let f(x) ∈ C[[x]] with f(0) = 1. In view of Theorem 4.9, there
exists a (nonzero) irreducible quantum vertex algebra V with a generating set {a, b}
such that
Y (a, x1)Y (a, x2) = ±f(x1 − x2)f(x2 − x1)
−1Y (a, x2)Y (a, x1),
Y (b, x1)Y (b, x2) = ±f(x1 − x2)f(x2 − x1)
−1Y (b, x2)Y (b, x1),
Y (a, x1)Y (b, x2)∓ f(x2 − x1)f(x1 − x2)
−1Y (b, x2)Y (a, x1) = x
−1
2 δ
(
x1
x2
)
.
Furthermore, any nonzero nonlocal vertex algebra V with a generating set {a, b}
satisfying the above relations is an irreducible quantum vertex algebra and such a
nonzero quantum vertex algebra is unique up to isomorphism.
We furthermore consider certain nondegenerate, but not necessarily irreducible,
quantum vertex algebras.
Proposition 4.11. Let qij ∈ C, pij(x) ∈ C[[x]] be such that qijqji = 1, qij(0) = 1
and qij(x) = qji(x) for 1 ≤ i, j ≤ l. Suppose that V is a weak quantum vertex algebra
with a generating subset {u(1), . . . , u(l)} such that
Y (u(i), x1)Y (u
(j), x2) = qijpij(x1 − x2)pij(x2 − x1)
−1Y (u(j), x2)Y (u
(i), x1) (4.9)
for 1 ≤ i, j ≤ l. Assume that V has a normal basis in the sense that the normal
vectors X1 · · ·Xl1, where Xi = u
(i)
−n1 · · ·u
(i)
−nr for r ≥ 0, ni ≥ 1 with n1 ≥ · · · ≥ nr if
qii = 1 and n1 > · · · > nr if qii = −1, form a basis of V . Then V is a nondegenerate
quantum vertex algebra. Furthermore, such a quantum vertex algebra exists and is
unique up to isomorphism.
Proof. Set Q(x) = (qij(x))
l
i,j=1, where qij(x) = qijpij(−x)pij(x)
−1 for i, j = 1, . . . , l.
By Theorem 4.9 and Corollary 4.8, we have a nondegenerate quantum vertex algebra
VQ(x) with GrF (VQ(x)) = VQ(0). Let K be the subalgebgra of VQ(x) generated by
u(1), . . . , u(l). Then K is nondegenerate and has a normal basis.
Now, we prove that V is isomorphic to K. Using the pair (H,S) where H =∐l
i=1 Cu
(i) equipped with the zero form and S(x)(u(i) ⊗ u(j)) = qij(x)(u
(i)⊗ u(j)) for
1 ≤ i, j ≤ l, we have a universal weak quantum vertex algebra E (= V (H,S)) with
generators u(1), . . . , u(l) and with defining relation (4.9). Using the commutation
relation (4.9) we see that E is linearly spanned by all the normal vectors. As K is
a homomorphic image of E, it follows that E also has a normal basis, so that E is
isomorphic to K. The same reasoning shows that E is isomorphic to V . It follows
that E, K and V are isomorphic and nondegenerate.
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Example 4.12. Let V be a nonlocal vertex algebra with a generating set {e, f, h},
satisfying the following relations:
Y (e, x1)Y (e, x2) = −
1 + x1 − x2
1− x1 + x2
Y (e, x2)Y (e, x1),
Y (f, x1)Y (f, x2) = −
1− x1 + x2
1 + x1 − x2
Y (f, x2)Y (f, x1),
Y (h, x1)Y (h, x2) = Y (h, x2)Y (h, x1),
Y (h, x1)Y (e, x2) = −
1 + x1 − x2
1− x1 + x2
Y (e, x2)Y (h, x1),
Y (h, x1)Y (f, x2) = −
1− x1 + x2
1 + x1 − x2
Y (f, x2)Y (h, x1),
Y (e, x1)Y (f, x2) = Y (f, x2)Y (e, x1).
Assume that V has a basis consisting of the vectors
e−m1 · · · e−mrh−n1 · · ·h−nsf−k1 · · ·f−kt1 (4.10)
for r, s, t ≥ 0, m1 > · · · > mr ≥ 1, n1 > · · · > ns ≥ 1, k1 > · · · > kt ≥ 1. By
Proposition 4.11, V is a nondegenerate quantum vertex algebra. This example is
closely related to a quantum vertex algebra associated to double Yangian DY (sl2)
in [Li10].
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